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INTRODUCTION 
One of the classic problems of NDE, that of detecting flaws 
located near a planar interface, is also relevant to the 
operation of antennas close to, or penetrating, the earth's 
surface. For these various cases, the total field (acoustic, 
electromagnetic or elastodynamic) can be expressed in terms of 
direct and interface reflected and transmitted components. In 
addition, a representation can be develooed for the interface 
fields in terms of some suitable expansion (a continuous 
spectrum of cylindrical waves, for example). It is the latter 
feature of such problems that makes their numerical evaluation 
so challenging, and a self-consistent solution so expensive 
computationally. 
A numerical approach developed specifically for the antenna-
interface problem, but which should be applicable to other 
problems of this type, is the subject of this paper. It 
originated from the simple numerical procedure of interpolation, 
with the intention of achieving a more efficient, yet acceptably 
accurate, solution. An extension has subsequently been 
developed to include model-based parameter estimation, and has 
proven to provide both good accuracy and efficiency for the 
interface fields. 
*Work performed under the auspices of the U.S. Department of 
Energy by the Lawrence Livermore National Laboratory under 
contract number W-7405-ENG-48. 
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The numerical model used for antennas, involving solution 
of an integral equation by the method of moments, will be 
outlined first. Then, the techniques used to reduce computation 
time for evaluating fields near the interface are described with 
special attention directed to the differences between the 
reflected and transmitted field characteristics. Results are 
included to demonstrate the application of this technique in 
modeling the detection of buried objects. A more detailed 
description of the model and additional results are contained in 
a report by Burke and Miller. l 
THE MODEL FOR ANTENNAS NEAR AN INTERFACE 
The discussion here is limited to modeling wire antennas 
near to or penetrating an interface between air and ground. The 
method is more general, however, being applicable to conducting 
surfaces and penetrable bodies as well. 
For thin wires in free space, the electric field integral 
equation is used in the form 
J I(s') ;, 
C 
A 
• S 
+ + ds', r £ C(s) (1) 
where I is the induced current, [I is the exciting field,+; and i' are unit vectors tangent to the wire at sand s', and r+and 
r' are vectors to the points sand s' on the wire contour C. CD is the+free-space dyadic Green's fun~tion for the electric 
field at r due to a current+element at r'. The thi¥ wire 
approximation is used with r' on the wire axis and r tracing a 
• • + 11ne+on the surface. Hence, the m1n1mum separat10n between r 
and r' is the wire radius. Time dependence exp(jwt) is 
assumed. 
Solution by the method of moments involves expanding the 
current as a sum of basis functions 
N 
I(s') ~ j=l P.L(s') J J 
The contour C is approximated as a piecewise linear sequence of 
N segments with lengths ~j and center points Sj, and the 
basis functions have the form 
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L(s') = A. + B. sin[k(s'-s)] + C. cos[k(s'-s)] 
J In In n In n 
for Is'-s 1 < ~ /2 
n n 
n = 1, ••• N 
where k is the free-space wave number. The constants are 
related so that the basis function associated with a segment 
extends over that segment and any adjacent segments, and the 
total current and charge density are continuous, providing a 
spline fit to the current. 
The weighting functions for the solution are chosen as 
~(s-si), i = 1, ••• N resulting in point matching of the 
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( 2) 
field. The integral equation is thus reduced to matrix equation 
where Zij 
i, j = 1, ••• N 
which is easily solved on a computer. EI may be an incident 
field or a localized field representing a voltage source. 
The presence of a ground plane in the vicinity of an 
antenna modifies Eq. 1. If a wire is embedded in the ground, 
= -+-the wave number used in GD and EI is that in the ground 
medium and is complex if the ground is lossy. The same wave 
number is used in the basis function of Eq. 2. 
If a ground-air interface is included in the model, Eq. 1 
becomes 
J I(s') ;, 
C 
= -+--+-
• GG(r,r') • s ds' 
where GG and E~ are the dyadic Green's function and incident 
field in the presence of the interface. 
In a rigorous treatment GG involves Sommerfeld 
integrals. For a buried source on the z axis at z' (z'<Ol and 
elevated observer at coordinates P, ~, z (z~O), the dyad GG 
involves the components2 
(3) 
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TV ( 02 + k! )VT C12 z 
oz 
(4b) 
~ Cl cos ( 02 T T) <l> op2 V + U (4c) 
TH 
<l> 
-c 1 sin ~ (_1_.L VT + uT) P op (4d) 
TH 
z 
-Cl cos 
02 T 
<l> opoz' V (4e) 
where 
00 -y I z' I - y I z I 
- + 
VT 2 J e JO(AP)AdA (4f) 
k 2y + k 2y 0 
- + + -
00 -y J z' I - y + I z I 
UT 2 J e JO(AP)AdA (4g) y- + y+ 0 
C = -jWJl /4'11' 1 0 
and y± = (A2 _ k~)1/2. 
The superscripts indicate a vertical (V) or horizontal (H) 
current element, with the horizontal current in the direction 
<l> = 0, and the subscripts indicate the cylindrical components 
of the field. Fields for other locations of source and observer 
can be obt~ined Jrom Eq. 4 through application of reciprocity 
and, when rand r' are on the same side of the interface, by 
inclusion of the appropriate direct and image fields. 
Since the Sommerfeld integrals involve an infinite 
integration, the matrix elements in the solution of Eq. 3 
include double integrals whose evaluation time can be 100 or 
more times that fQr free space. It is for this reason, that 
approximation of GG or interpolation in precomputed tables is 
essential to model large structures. 
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THE NUMERICAL EVALUATION OF FIELDS NEAR AN INTERFACE 
The first technique that was used to reduce the time for 
obtaining field values was interpolation in precomputed tables. 
Computation time to obtain fields near an interface by 
interpolation in tables is on the order of the time to evaluate 
the free-space field equations. Interpolation is particularly 
well suited to the method of moments solution since, often, 
field values over a limited range of coordinates are used 
repeatedly. In addition, once the tables have been computed, 
they can be saved for use in any case involving the same ground 
parameters (€r and a/w). 
The fields transmitted across the interface in Eq. 4 depend 
on three coordinates P, z, and z'. Hence, in general, 
three-dimensional interpolation is needed. If source and 
observer are both above the interface, z' is zero in Eq. 4 and z 
is the sum of source and observer heights. Hence, this case can 
be treated by two-dimensional interpolation, as can the case of 
source and observer below the interface, for a substantial 
reduction in the size of the tables. 
To reduce the number of points in the tables and, hence, 
the computation time to fill them, the functions for 
interpolation can be transformed to increase their smoothness. 
The transmitted field components in Eqs. 4a through 4e are 
dominated at small distances in R = [p2 + (z - z,)2]l/2 by the 
derivatives of VT which have R-3 singularities. Hence, to 
smooth the interpolated functions and ease the requirement for 
interpolation accuracy, an analytically integrable term is 
subtracted from the integrand of VT• The resulting integral 
is nonsingular as R goes to zero and the second deriv~tives of 
VT are singular as R-l. The modified version of VT (VT) is 
00 ( -Y.lzi - yJz' 1 -y 1 z-z' 1 ) + VT 2 f ek2 Y + k2 Y e JO (Ap) AdA 2 + k2 ) 0 y+(k+ + - - + 
-jk+R 
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VT _ 2 e (5) 
k2 + k2 R + 
The terms thus removed from the field components in Eq. 4a 
through 4e have the form of the static field in free space. For 
small R, the integral over the current of these static terms can 
be found analytically to reduce difficulty of the numerical 
integration. It is still essential that the R-l terms be 
integrated accurately, however. 
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For interpolation, the rema1n1ng R-l singularity can be 
suppressed by mUltiplying by R. The resulting terms, for example 
are nonsingular, but their values for R approaching zero depend 
on the ratios of p, z, and z'. For small R 
-TV - AV (1 - sine ) -1 T = C C - C S cose R 
P P 1 3 cose 2 
where e -1 I z - z'l ;: tan p S ;: z'/R 
Interpolation tables for quantities RT can include R = Q if the 
table parameters are R, e, S. Alternately, tables for T - T 
can use the parameters p, z, and z' with the value zero 
assigned to the point P = z = z' = O. The p, z, z' tables 
were used since they can easily be fit together with other 
methods. 
When R is not small, the+most ~apid variation in the fields 
is the phase variation. For rand r' above the interface, the 
phase variation can be suppressed by dividing by exp(-jk+R) as 
shown in Fig. 1. A wave traveling in the lower medium is 
evident along the interface, but decays for increasing z. If 
the lower medium had significant loss, this wave would be 
rapidly attenuated in P. Hence, for source and observer above 
the interface, interpolation can yield good accuracy with sparse 
tables except possibly along the interface. 
For propagation into the lower medium, the phase behavior 
can be more complex as shown in Fig. 2. Since this phase 
behavior cannot be removed by division, a high density of points 
is needed to obtain accurate values by polynomial interpolation. 
To handle this complex behavior of the field below the 
interface, a procedure was developed which can be viewed as 
parameter estimation in a model chosen to fit the expected field 
variation. Such a model is suggested by asymptotic 
approximations of the Sommerfeld integrals. For a steepest 
descent approximation, Eq. 4f can be written as 
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Fig. 1. 
Fig. 2. 
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Plot of the imaginary part 
function of z and p for z' 
parameters are Er = 16 and 
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of (Tp - Tp)/exp(-j~R) 
O. Lower medium 
cr = O. 
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I 
as a 
-v AV Plot of the real part of (Tz - Tz ) as a function of z' 
and p for z = O. Lower medium parameters are Er = 16 
and cr = O. 
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where 
and 
co 
VT = I G(~)e-F(A)d~ 
-co 
~H(2)(~p) exp(j~p) 
G(~) = _...;;.o-= __ ~::-" __ 
k:Y+ + k!Y_ 
F(~) = y_lz' I + Y+lzi + j~p 
+ -
Neglecting the pole in G, the integral is approximated in terms 
of contributions from the neighborhood of saddle points which 
are solutions of the equation 
F' (X) = 0 
TWo solutions may contribute. The first, ~l' represents a 
ray that travels at a steep angle up to the interface and then 
at a shallower angle in the upper medium. The second, ~2' 
represents a ray that travels at a shallow angle in the lower 
medium and then upward to the observer. The X2 ray 
attenuates exponentially above the interface (since 
Re(~2) > k+) and is strongly attenuated in a lossy 
medium. Both of these rays are evident in Fig. 1 and Fig. 2. 
A model for the field behavior should thus include phase 
factors of the form 
-F(~l) Pl(P,z,z') = e 
e 
-F(~2) 
where ~l and X2 are solutions to Eq. (6) for the 
particular p, z, and z'. In addition, the field will involve 
spreading factors, such as Rrn for PI and Rin for 
P2 with n = 1, 2, 3, where 
(6) 
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R = [p2 + z,2]l/2 
2 
and angle factors such as 1., z/R, z2/R, z'/R, p/R, etc. 
The field may then be approximated by a sum of functions 
E(P,z,z') = ~ A f (p,z,z') 
n n 
n 
where each fn is a product of a phase factor, a spreading 
factor, and an angle factor. The coefficients An are 
determined to provide a least squares fit of E_to field values 
computed by evaluating Sommerfeld integrals. E can then be used 
to interpolate or extrapolate from the computed points that were 
fit. If the fn are good approximations to the field behavior, 
then considerably fewer computed points should be needed for a 
given accuracy than with polynomial interpolation. 
This method is effective for extrapolation as well as 
interpolation, as illustrated in Fig. 3. Both low frequency 
(PI) and high frequency (P2) components are present and are 
matched by the approximation. 
o. . 5 
Z/Ao 
Fig. 3. Iransmitted field, shown for T~ component with 
€_ = 16 - jO and source depth z' = -O.lAo, as 
modeled by least squares approximation. A total of 88 
points are fit (36 in the plane of this figure with 
visible ones shown) to cover the three-dimensional 
region 0.6 ~ p/Ao ~ 3.0, 0 ~ Z/AO ~ 2.0, and 
o ~ Iz' 1/Ao ~ 0.25 with less than 4 percent error. 
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In the computer program, interpolation is used for the region 
o ~ p < 21T II k J 
o ~ z < 21T/lkJ 
o < Iz'l < 21T/k 
- - + 
since the phase behavior is relatively simple and the field is 
not as well described by the asymptotic model. Least squares 
approximation is used from the outer boundary of the 
interpolation region out to 3Ao in p, 2Ao in z and to 
a depth of about 21T/lk_1 in z'. The method is applied in 
three subregions. Two, with a boarder on the interface, involve 
a least squares fit of 32 terms while the third, for small P 
and z greater than 21T/lk_1 involves 28 terms with no P2 
factors. The Sommerfeld integrals are fit at a total of 196 
points which is far fewer than would be needed for simple 
interpolation over the region. For large values of R, straight 
asymptotic approximations including the surface wave are used. 
NUMERICAL RESULTS 
A subsurface probing situation was modeled in which a probe 
is moved over the interface in a raster-like fashion. The 
detection of a buried object then depends on the perturbation it 
may produce in the total field. 
Computations were performed for various underground objects 
for varying frequency, burial depth, and ground conductivity. 
Three probing fields were considered, one due to a vertical 
antenna 10 km from the target, another a horizontal antenna 
100 m away, and a plane wave incident at an angle of 45°. 
Various field components were examined, both above and beneath 
the interface. Some representative results of these computa-
tions are presented in Fig. 4 for vertical and crossed 
horizontal pipes. Clear evidence is seen in each case of the 
presence of the buried target. The level of the field 
perturbation (relative to the source field) is only a few 
percent, however, so that measurement noise could substantially 
reduce target detectability. 
CONCLUSION 
A computer model for objects located near or penetrating an 
interface between air and a dielectric or conducting medium has 
been described in this paper. An integral equation provides the 
basis for the model and its solution is obtained using the 
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Distance (m) 
y 
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Buried Pi pe 
Fig. 4. Scattered field (E~ relative to iQcident Ez) due 
to buried pipes in a ground with €_ = 16 - j80 and 
f = 200 kHz. The source is 10 km distant and field is 
computed 1 m above the interface. Only the left half 
of the field, which is left-right symmetric, is 
plotted. a) Vertical pipe with length 45 m, diameter 
0.2 m, and upper end 5 m below the interface. Peak of 
E~ relative to the incident field is 0.0012. 
h) Crossed horizontal pipes of length 71 m and diameter 
.2 m buried 10 m below the interface. The center of 
the cross is at coordinates (50, 50), and the maximum 
E~ relative to the incident field is .014. 
method of moments. Numerical procedures involving interpola-
tion, least-squares approximation, and asymptotic approximation 
are used to obtain the values of field near the interface in 
much less time than would be needed for numerical evaluation of 
the Sommerfeld integrals. The result is a computer model which 
can provide accurate results for problems involving penetrating 
conductors at a computer cost of only about four to six times 
that required for the same object in free space. Although 
antennas over ground were considered, here the numerical 
techniques used to reduce computation time appear applicable to 
many similar problems. 
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